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Temperatures of circular rods due to rotational and
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Abstract—Using Green’s function method, surface temperature rise due to frictional heating in oscillatory sliding and rotating rods
is studied. The problem under consideration consists two rods, one of them is stationary and the other exhibits both oscillatory axial
sliding and rotational motion. In terms of the obtained closed form solutions for the temperature distribution in both rods, the effect
of different parameters on the rod thermal behavior may be investigated.  2001 Éditions scientifiques et médicales Elsevier SAS
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Nomenclature

Bi Biot number = hr0/k

c specific heat . . . . . . . . . . . . . . . J·kg−1·K−1

�E(t) axial location of the moving frictional
heating source . . . . . . . . . . . . . . m

E(τ) dimensionless axial location of the source
= �E(t)r−1

0
F1, F2 fractions of frictional heating absorbed

by the sliding and stationary rods,
respectively

g frictional heating source term . . . . . W·m−3

h convective heat transfer coefficient . . W·m−2·K−1

hc convective heat transfer coefficient at the
contact region

h0 length of the sliding rod . . . . . . . . m
h1, h2 axial boundaries of the moving frictional

heating source
h3 axial location of the frictional heating

source on the stationary rod . . . . . . m
h4 length of the stationary rod . . . . . . . m
H0 dimensionless length of the sliding rod

= h0/r0
H1, H2 dimensionless axial boundaries of the

moving frictional heating source
= h1/r0, h2/r0

∗ Correspondence and reprints.
E-mail address: malnimr@just.edu.jo (M.A. Al-Nimr).

H3 dimensionless axial location of the
frictional heating source on the stationary
rod = h3/r0

H4 dimensionless length of the stationary
rod = h4/r0

k thermal conductivity . . . . . . . . . . W·m−1·K−1

P contact pressure . . . . . . . . . . . . . Pa
r radial coordinate . . . . . . . . . . . . m
r0 radius of the sliding rod . . . . . . . . m
r1 radius of the stationary rod . . . . . . . m
R dimensionless radial cooordinate = r/r0
R1 dimensionless radius of the stacionary

rod = r1/r0
t time . . . . . . . . . . . . . . . . . . . s
t0 period of the sliding motion . . . . . . s
T temperature . . . . . . . . . . . . . . . K
Ti initial temperature . . . . . . . . . . . K
T∞ ambient temperature . . . . . . . . . . K

V absolute speed of the moving source . m·s−1

Vz axial speed component of the moving
source . . . . . . . . . . . . . . . . . . m·s−1

z axial coordinate . . . . . . . . . . . . . m
Z dimensionless axial coordinate = z/r0

Greek symbols

α thermal diffusivity . . . . . . . . . . . m2·s−1

αR thermal diffusivity ratio = α1/α2
δ delta function
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Temperatures of circular rods

�r , �z, �φ the dimensions of the contact region m
θ dimensionless temperature

= (T − T∞)/T∞
µ friction coefficient
τ dimensionless time = tα1/r2

0
τ0 dimensionless period of the sliding

motion = t0α1/r2
0

φ angular coordinate . . . . . . . . . . rad

φ0 parameter defined as = ωr2
0 /α1

ω angular velocity of the rotating rod . rad·s−1

Subscripts

1 sliding rod
2 stationary rod
1l, 2l left sides of the sliding and stationary

rods, respectively
1s, 2s circumferential sides of the sliding and

stationary rods, respectively
1u, 2u right sides of the sliding and stationary

rods, respectively
∞ ambient conditions

1. INTRODUCTION

The effect of temperature, due to friction, on materials
is quite substantial. In recent years, different investiga-
tions [1–4] have been carried out to explain the temper-
ature processes which proceed during frictional contact.
Most of these investigations have been carried out for uni-
directional sliding systems. However, many sliding con-
tacts occur in oscillatory sliding systems, such as recipro-
cating seals or polymer sleeve bearings for business ma-
chines or aircraft control systems. The wear behavior of
low melting point materials, such as polymers, in oscil-
latory contact has been found to be different from that
in unidirectional sliding [5]. As in the case of unidirec-
tional sliding, the coefficient of friction and wear rate of
polymer materials in oscillatory sliding are significantly
influenced by the surface temperature [6]. There is, there-
fore, a need to be able to predict the sliding temperatures
in such cases.

Using the theoretical approach initially outlined by
Jaeger [7], Hirano and Yoshida [8] computed the surface
temperature rise for a square heat source reciprocating
on a semi-infinite medium. It is found that there existed
a remarkable difference between the surface temperature
rise in oscillatory sliding and that in unidirectional
sliding, especially when the oscillating frequency and
oscillation amplitude are high. The high temperature

variation at the contact interface due to oscillatory sliding
is suggested to be a major cause for severe fretting
wear [9].

Tian and Kennedy [10] presented an analytical and ex-
perimental investigation of surface temperature rise at the
contact interface for oscillatory sliding. The sliding ob-
jects are considered semi-infinite media. Other theoreti-
cal investigations are presented in [11, 12]. Experimental
investigations to predict the contact temperature are car-
ried out by [13, 14] using infrared scanning or infrared
thermal imaging. The above-mentioned studies provide
useful information about the characteristics of the con-
tact temperature rise due to sliding. However, some of
these studies present either numerical or experimental in-
vestigations. Others consider unidirectional sliding with
no oscillation or consider reciprocating sliding motion in
the axial direction, with no rotational motion. Also, some
of the above-mentioned studies treat the sliding objects
as a semi-infinite media.

In the present work, a simple mathematical model,
with realistic assumptions, is presented to describe the
thermal behavior of two circular rods sliding over each
other. One of the two rods exhibits both an axial recip-
rocating sliding and a rotational motion. Also, the two
rods may have small radii and, as a result, the semi-
infinite domain assumption in the radial direction is not
valid. The axes of the two rods are perpendicular. The
mathematical model is presented in terms of two energy
equations, one for each rod, coupled at the contact area.
These equations are solved analytically using Green’s
function method. In terms of the obtained solution, the
temperature distribution within the two rods and within
the contact area may be found. Then the effect of the con-
tact temperature on the friction coefficient may be fea-
tured.

2. MATHEMATICAL FORMULATION

As shown in figure 1, the system of interest consists
of two perpendicular cylindrical rods where one rod is
fixed (rod 2) and the other one (rod 1) is acting as a
reciprocating rider in the axial direction and rotates in the
same time. Now, referring to the same figure, the energy
equations describing the thermal behavior of the two rods
are given as

∂2Ti

∂z2 + 1

r2

∂2Ti

∂φ2 + ∂2Ti

∂r2 + 1

r

∂Ti

∂r
+ gi

ki

= 1

αi

∂Ti

∂t

for i = 1,2 (1)
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Figure 1. Schematic diagram of the problem under considera-
tion.

where

g1(t, r, z,φ) = gc
p

F1

r
δ̄(r − r0)δ̄(φ − ωt)δ̄

(
z − �E(t)

)

g2(t, r, z,φ) = gc
p

F2

r
δ̄(r − r1)δ̄(φ)δ̄(z − h3)

gc
p = µPV r0�φ�z, V =

√
V 2

z + ω2r2
0

and F1 and F2 are the fractions of heat generated at
the contact area due to friction and absorbed by the
reciprocating and the stationary rods, respectively, V

is the absolute speed of the moving source, Vz is the
magnitude of the axial sliding speed, P is the contact
pressure, ω is the angular velocity of the rotating rod,
δ̄ is the delta function, �E(t) is a periodic function of
any form, as shown in figure 2, which describes the

Figure 2. Periodic time variation in the location of the contact
point.

location of the moving frictional heating source which
moves between h1 and h2. This periodic function may be
expanded, using Fourier series, as

�E(t) = a0

2
+

∞∑
n=1

an cos
nπt

t0
(2)

where a0, an are the coefficients of the Fourier expansion
which values depend on the form of �E(t), and they are
given as

an = 2

t0

∫ t

0

�E(t) cos
nπt

t0
dt

and t0 is the period of the sliding motion. Equations (1)
have the following initial and boundary conditions:

T1(0, r, z,φ) = T2(0, r, z,φ) = Ti (3)
∂T1

∂r
(t,0, z,φ) = ∂T2

∂r
(t,0, z,φ) = 0 (4)

∂T1

∂r
(t, r0, z,φ) + h1s

k1
T1(t, r0, z,φ) = h1sT∞

k1
(5)

∂T2

∂r
(t, r1, z,φ) + h2s

k2
T2(t, r1, z,φ) = h2sT∞

k2
(6)

∂T1

∂z
(t, r,0, φ) − h1l

k1
T1(t, r,0, φ) = −h1lT∞

k1
(7)

∂T2

∂z
(t, r,0, φ) − h2l

k2
T2(t, r,0, φ) = −h2lT∞

k2
(8)

∂T1

∂z
(t, r, h0, φ) + h1u

k1
T1(t, r, h0, φ) = h1uT∞

k1
(9)

∂T2

∂z
(t, r, h4, φ) + h2u

k2
T2(t, r, h4, φ) = h2uT∞

k2
(10)
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and F1 and F2 are determined from the following equa-
tions:

T1
(
t, r0, �E(t),φ

) = T2(t, r1, h3,0) (11)

−k1
∂T1

∂r

(
t, r0, �E(t),φ

) − k2
∂T2

∂r
(t, r1, h3,0)

− hc(Tc − T∞) + µPV = 0 (12)

where Tc = T1(t, r0, �E(t),φ) = T2(t, r1, h3,0), hc is the
convective heat transfer coefficient at the contact area
between the two rods. Equation (12) states that the
generated energy due to friction is distributed among
both rods and the ambient, and equation (11) states that
both rods have the same temperature at their contact.
It is worth mentioning here two points: (1) different
workers rely on experimental values of F1 and F2. (2)
We assumed in our analysis that the contact area is very
small so it can be considered as a point. This assumption
is valid in this analysis for the following reasons: the first
reason is that the actual area of contact is small compared
to the heat transfer area. For example, if we considered
two steel rods of 16 in and 12 in diameters loaded with
a force of 100 lb, according to Hertz’s theory the area of
contact is 0.0072 in2 [15]. The second reason, the amount
of heat generated due to friction can be calculated based
on the actual area of contact and then introduced to the
source term, S, as if the area of contact is a point.

Now, using the dimensionless parameters defined in
the nomenclature, equations (1) are rewritten as

∂2θ1

∂Z2
+ 1

R2

∂2θ1

∂φ2
+ ∂2θ1

∂R2
+ 1

R

∂θ1

∂R

+ S1F1

R
δ(R − 1)δ(φ − φ0τ )δ

(
Z − E(τ)

) = ∂θ1

∂τ
(13)

∂2θ2

∂Z2
+ 1

R2

∂2θ2

∂φ2
+ ∂2θ2

∂R2
+ 1

R

∂θ2

∂R

+ S2F2

R
δ(R − R1)δ(φ)δ(Z − H3) = 1

αR

∂θ2

∂τ
(14)

where

θ1
(
τ,1,E(τ),φ

) = θ2(τ,R1,H3,0) (15)

∂θ1

∂R

(
τ,1,E(τ),φ

) + kR
∂θ2

∂R
(τ,R1,H3,0)

+ Bicθc − S3 = 0 (16)

with

θc = θ1
(
τ,1,E(τ),φ

) = θ2(τ,R1,H3,0)

φ0 = ωr2
0

α1

E(τ) = a0

2
+

∞∑
n=1

an cos
nπτ

τ0

where

an = 2

τ0

∫ τ0

0
E(τ) cos

nπτ

τ0
dτ

E(τ) is the dimensionless periodic function which de-
scribes the dimensionless location of the contact area on
the slider rod, and τ0 is the dimensionless period of E(τ).
Also,

S1 = µPV �φ�z

k1T∞
, S2 = µPV �φ�z

k2T∞

S3 = µPV r0

k1T∞
, Bic = hcr0

k1
, kR = k2

k1

The dimensionless initial and boundary conditions are
given as

θ1(0,R,Z,φ) = θ2(0,R,Z,φ) = θ0

∂θ1

∂R
(τ,0,Z,φ) = ∂θ2

∂R
(τ,0,Z,φ) = 0

(17)

∂θ1

∂R
(τ,1,Z,φ) + Bi1sθ1(τ,1,Z,φ) = 0 (18)

∂θ2

∂R
(τ,R1,Z,φ) + Bi2sθ2(τ,R1,Z,φ) = 0 (19)

∂θ1

∂Z
(τ,R,0, φ) − Bi1lθ1(τ,R,0, φ) = 0 (20)

∂θ2

∂Z
(τ,R,0, φ) − Bi2lθ2(τ,R,0, φ) = 0 (21)

∂θ1

∂Z
(τ,R,H0, φ) + Bi1uθ1(τ,R,H0, φ) = 0 (22)

∂θ2

∂Z
(τ,R,H3, φ) + Bi2uθ2(τ,R,H3, φ) = 0 (23)

where

Bi1s = h1sr0

k1
, Bi2s = h2sr0

k2

Bi1l = h1lr0

k1
, Bi2l = h2lr0

k2

Bi1u = h1ur0

k1
, Bi2u = h2ur0

k2

H0 = h0

r0
, H3 = h3

r0
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Now, following the analytical development given in
Appendix, equations (13)–(23) are solved, using Green’s
function method, as

θ1(τ,R,Z,φ)

=
∞∑

m=1

∞∑
p=1

e−(β2
1m+η2

1pτ)

N(β1m)N(η1p)
J0(β1mR)

· [η1p cosη1pZ + Bi1l sin η1pZ
]
θ0

·
[

sin η1pZ′ − Bi1l

η1p

cosη1pZ′
]H0

0

J1(β1m)

β1m

+
∫ τ

τ∗=0

dτ ∗

π

∞∑
m=1

∞∑
p=1

∞∑
ν=1

e−(β2
1m+η2

1p)(τ−τ∗)

N(β1m)N(η1p)

· Jν(β1mR)
[
η1p cosη1pZ + Bi1l sin η1pZ

]
· Jν(β1m)

[
η1p cosη1pE

(
τ ∗) + Bi1l sinη1pE

(
τ ∗)]

· cos
(
νφ − νφ0τ

∗)S1F1 (24)

θ2(τ,R,Z,φ)

=
∞∑

m=1

∞∑
p=1

e−αR(β2
2m+η2

2p)τ

N(β2m)N(η2p)
J0(β2mR)

· [η2p cosη2pZ + Bi2l sinη2pZ
]
θ0

·
[

sinη2pZ′ − Bi2l

η2p

cosη2pZ′
]H4

0

R1J1(β2mR1)

β2m

+ αR

π

∞∑
m=1

∞∑
p=1

∞∑
ν=1

1 − e−αR(β2
2m

+η2
2p

)τ

N(β2m)N(η2p)αR(β2
2m + η2

2p)

· Jν(β2mR)
[
η2p cosη2pZ + Bi2l sinη2pZ

]
· Jν(β2mR1)

[
η2p cosη2pH3 + Bi2l sin η2pH3

]
· cos(νφ)S2F2 (25)

Note that the first term in both equations (24) and (25)
does not depend on φ. This is predicted, since the first
term is resulted from the non-homogeneous term in
the initial condition. However, in our case the initial
condition does not depend on ν and, as a result, the
first term will be axisymetric. If the experimental values
of F1 and F2 are available, then they may be inserted
directly into equations (24) and (25) to get θ1 and θ2.
In another approach, F1 and F2 may be obtained by
solving equations (15) and (16) in terms of equations (24)
and (25).

3. SPECIAL CASE

Consider the case in which the moving rod exhibits
a pure rotational motion, without axial reciprocating
sliding motion. For this special case, Vz = 0, E(τ) = H1
and V = ωR0. As a result, equations (24) and (25) are
reduced to

θ1(τ,R,Z,φ)

= 1

π

∞∑
m=1

∞∑
p=1

∞∑
ν=0

Jν(β1mR)

N(β1m)N(η1p)

· [η1p cosη1pZ + Bi1l sinη1pZ
]
Jν(β1m)

· [η1p cosη1pH1 + Bi1l sinη1pH1
]
Q(t)S1F1 (26)

θ2(τ,R,Z,φ)

= αR

π

∞∑
m=1

∞∑
p=1

∞∑
ν=0

1 − e−αR(β2
2m+η2

2p)τ

[N(β2m)N(η2p)]αR(β2
2m + η2

2p)

· Jν(β2mR)
[
η2p cosη2pZ + Bi2l sin η2pZ

]
· Jν(β2mR1)

[
η2p cosη2pH3 + Bi2l sinη2pH3

]
· cos(νφ)S2F2 (27)

where π is replaced by 2π for ν = 0, and

Q(t) = {
cosνφ

[(
β2

1m + η2
1p

)
cosνφ0τ + νφ0 sin νφ0τ

]
+ sinνφ

[(
β2

1m + η2
1p

)
sinνφ0τ − νφ0 cosνφ0τ

]
− cosνφ

[(
β2

1m + η2
1p

)
e−(β2

1m
+η2

1p
)τ ]

+ sinνφ
[
νφ0e−(β2

1m+η2
1p)τ ]}

· {[β2
1m + η2

1p

]2 + ν2φ2
0

}−1 (28)

where π is replaced by 2π for ν = 0.

4. RESULTS

It is not our intention in this section to carry out a
parametric study for the problem under consideration.
The results presented here are aimed at demonstrating
the behavior of the obtained solution under different
conditions. We will investigate the time variation in the
dimensionless temperature of a fixed location at the
outer surface of the rotating rod (rod 1) under different
conditions. The values of R = 1, Z = (H1 + H2)/2,
Bi1l = 0, Bi1s = 0, φ = 0 are used in obtaining the
solution for all cases presented here.
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Figure 3. Time variation in the dimensionless temperature of a
fixed location at the rotating rod.

Figure 4. The effect of the fraction of energy absorbed by the
rods on the time variation in the dimensionless temperature of
a fixed location. S1 = S2 = 103, φ0 = 0.1.

Figure 3 presents the solution of equation (24) for the
general case for E(τ) given in figure 2. It is clear from
this figure that the frictional heating has a little effect on
the temperature at surface of the moving rod. This is due
to the slow speed of the rod and small values of S and F

which are 10 and 0.1, respectively.

Figures 4 and 5 demonstrate the solution of the special
case given by equation (26). Figure 4 shows the effect of
the absorbed energy by the rods on the temperature at
surface of the moving rod. It is clear from this figure that
as F increases, the temperature at the surface increases.
The maximum increase occurs at the time of contact
between the two rods. Figure 5 shows the effect of
the amount of energy generated by friction, S, on the
temperature at a point on the surface of the moving rod.
This figure shows that as the energy generated by friction
decreases, the temperature at the surface of the moving
rod decreases.

Figure 5. The effect of the energy of the frictional heating on
the time variation in the dimensionless temperature of a fixed
location. F1 = F2 = 1/3, φ0 = 0.1.

5. CONCLUSIONS

Using Green’s function method, analytical closed
form solutions, are obtained for the temperature distribu-
tion within two rods which are in contact while exhibiting
sliding motion. One of the two rods is stationary and the
other exhibits both oscillatory axial sliding and rotational
motion. In terms of the obtained closed form solutions
for the temperature distribution in both rods, the effect
of different parameters on the contact area thermal be-
havior may be investigated. In the analysis, it is assumed
that both rods have finite radii, and as a result, the semi-
infinite domain assumption, in the radial direction, is not
valid. A special case study is considered in which it is as-
sumed that there is no axial sliding motion and as a result,
the generated heat is only due to the rotational motion.
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APPENDIX

Equations (13)–(23) will be solved in terms of Green’s
function method. The appropriate Green’s functions can
be obtained as the solutions of the homogeneous version
of equations (13)–(23), which are given as

∂2Ψ1

∂Z2 + 1

R2

∂2Ψ1

∂φ2 + ∂2Ψ1

∂R2 + 1

R

∂Ψ1

∂R
= ∂Ψ1

∂τ
(A.1)

∂2Ψ2

∂Z2 + 1

R2

∂2Ψ2

∂φ2 + ∂2Ψ2

∂R2 + 1

R

∂Ψ2

∂R
= 1

αR

∂Ψ2

∂τ
(A.2)

with

Ψ1(0,R,Z,φ) = Ψ2(0,R,Z,φ) = θ0

∂Ψ1

∂R
(τ,0,Z,φ) = ∂Ψ2

∂R
(τ,0,Z,φ) = 0

(A.3)

∂Ψ1

∂R
(τ,1,Z,φ) + Bi1sΨ1(τ,1,Z,φ) = 0 (A.4)

∂Ψ2

∂R
(τ,R1,Z,φ) + Bi2sΨ2(τ,R1,Z,φ) = 0 (A.5)

∂Ψ1

∂Z
(τ,R,0, φ) − Bi1lΨ1(τ,R,0, φ) = 0 (A.6)

∂Ψ2

∂Z
(τ,R,0, φ) − Bi2lΨ2(τ,R,0, φ) = 0 (A.7)

∂Ψ1

∂Z
(τ,R,H0, φ) + Bi1uΨ1(τ,R,H0, φ) = 0 (A.8)

∂Ψ2

∂Z
(τ,R,H3, φ) + Bi2uΨ2(τ,R,H3, φ) = 0 (A.9)

The solutions for Ψ1 and Ψ2 are given as [15]

Ψ1(τ,R,Z,φ)

= 1

π

∞∑
m=1

∞∑
p=1

∞∑
ν=1

e−(β2
1m+η2

1p)τ

N(β1m)N(η1p)
�R1ν(η1m,R)

· �Z1(η1p,Z)

∫ 2π

φ′=0

∫ H0

Z′=0

∫ 1

R′=0
R′ �R1ν

(
β1m,R′)

· �Z1
(
η1p,Z′) cosν

(
φ − φ′)

· θ1
(
0,R′,Z′, φ′)dR′ dZ′ dφ′ (A.10)

Ψ2(τ,R,Z,φ)

= 1

π

∞∑
m=1

∞∑
p=1

∞∑
ν=1

e−αR(β2
2m

+η2
2p

)τ

N(β1m)N(η2p)
�R2ν(η2m,R)

· �Z2(η2p,Z)

∫ 2π

φ′=0

∫ H4

Z′=0

∫ R1

R′=0
R′ �R2ν

(
β2m,R′)

· �Z2
(
η2p,Z′) cosν

(
φ − φ′)

· θ2
(
0,R′,Z′, φ′)dR′ dZ′ dφ′ (A.11)

where ν = 0,1,2, . . . and replace π by 2π for ν = 0.
Also,

�R1ν(β1m,R) = Jν(β1m,R)

�R2ν(β2m,R) = Jν(β2m,R)

1

N(β1m)
= 2β2

1m

J 2
ν (β1m)([Bi21s + β2

1m] − ν2)

1

N(β2m)
= 2β2

2m

R2
1J 2

ν (β2mR1)([Bi22s + β2
2m] − ν2)

1

N(η1p)
= 2[

(Bi21l + η2
1p)

(
H0 + Bi1u

η2
1p+Bi21u

) + Bi1l

]
1

N(η2p)
= 2[

(Bi22l + η2
2p)

(
H4 + Bi2u

η2
2p+Bi22u

) + Bi2l

]
�Z(η1p,Z) = η1p cosη1pZ + Bi1l sinη1pZ

�Z(η2p,Z) = η2p cosη2pZ + Bi2l sinη2pZ

Finally, β1m, β2m, η1p and η2p are given as the roots of
the following equations:
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β1mJ ′
ν(β1m) + Bi1sJν(β1m) = 0

β2mJ ′
ν(β2mR1) + Bi2sJν(β2mR1) = 0

tanη1pH0 = η1p(Bi1l + Bi1u)

η2
1p − Bi1lBi1u

Now, in terms of the appropriate Green’s functions,
the solutions of the homogeneous problems (A.1)–(A.9)
are given as

Ψ1(τ,R,Z,φ)

=
∫ 2π

φ′=0

∫ H0

Z′=0

∫ 1

R′=0
R′G1

(
R,Z,φ, τ

∣∣
R′,Z′, φ′, τ ∗)∣∣

τ∗=0 θ1
(
0,R′,Z′, φ′)dR′ dZ′ dφ′

(A.12)

Ψ2(τ,R,Z,φ)

=
∫ 2π

φ′=0

∫ H4

Z′=0

∫ R1

R′=0
R′G2

(
R,Z,φ, τ

∣∣
R′,Z′, φ′, τ ∗)∣∣

τ∗=0 θ2
(
0,R′,Z′, φ′)dR′ dZ′ dφ′

(A.13)

A comparison between equations (A.10), (A.11) and
(A.12), (A.13) yields

G1
(
R,Z,φ, τ

∣∣R′,Z′, φ′, τ ∗)∣∣
τ∗=0

= 1

π

∞∑
m=1

∞∑
p=1

∞∑
ν=0

e−(β2
1m

+η2
1p

)τ

N(β1m)N(η1p)

· �R1ν(β1m,R)�R1ν

(
β1m,R′)�Z1ν(η1p,Z)

· �Z1
(
η1p,Z′) cosν

(
φ − φ′) (A.14)

G2
(
R,Z,φ, τ

∣∣R′,Z′, φ′, τ ∗)∣∣
τ∗=0

= 1

π

∞∑
m=1

∞∑
p=1

∞∑
ν=0

e−αR(β2
2m+η2

2p)τ

N(β2m)N(η2p)

· �R2ν(β2m,R)�R2ν

(
β2m,R′)�Z2(η2p,Z)

· �Z2
(
η2p,Z′) cosν

(
φ − φ′) (A.15)

The desired Green’s functions are obtained by replacing
τ by τ − τ ∗ in equations (A.14) and (A.15) to yield

G1
(
R,Z,φ, τ

∣∣R′,Z′, φ′, τ ∗)

= 1

π

∞∑
m=1

∞∑
p=1

∞∑
ν=0

e−(β2
1m+η2

1p)(τ−τ∗)

N(β1m)N(η1p)

· �R1ν(β1m,R)�R1ν

(
β1m,R′)�Z1(η1p,Z)

· �Z1
(
η1p,Z′) cosν

(
φ − φ′) (A.16)

G2
(
R,Z,φ, τ

∣∣R′,Z′, φ′, τ ∗)

= 1

π

∞∑
m=1

∞∑
p=1

∞∑
ν=0

e−αR(β2
2m+η2

2p)(τ−τ∗)

N(β2m)N(η2p)

· �R2ν(β2m,R)�R2ν

(
β2m,R′)�Z2(η2p,Z)

· �Z2
(
η2p,Z′) cosν

(
φ − φ′) (A.17)

In terms of these Green’s functions, solutions for the non-
homogeneous problems (13)–(23) are given as

θ1(τ,R,Z,φ)

=
∫ 2π

φ′=0

∫ H0

Z′=0

∫ 1

R′=0
R′G1

(
R,Z,φ, τ

∣∣
R′,Z′, φ′, τ ∗)∣∣

τ∗=0 θ1
(
0,R′,Z′, φ′)dR′ dZ′ dφ′

+
∫ τ

τ∗=0
dτ ∗

∫ 2π

φ′=0

∫ H0

Z′=0

∫ 1

R′=0
R′G1

(
R,Z,φ, τ

∣∣
R′,Z′, φ′, τ ∗)S1F1δ

(
R′ − 1

)
δ
(
φ′ − φ0τ

∗)
· δ(Z′ − E

(
τ ∗))dR′ dZ′ dφ′ (A.18)

θ2(τ,R,Z,φ)

=
∫ 2π

φ′=0

∫ H4

Z′=0

∫ R1

R′=0
R′G2

(
R,Z,φ, τ

∣∣
R′,Z′, φ′, τ ∗)∣∣

τ∗=0 θ2
(
0,R′,Z′, φ′)dR′ dZ′ dφ′

+ αR

∫ τ

τ∗=0
dτ ∗

∫ 2π

φ′=0

∫ H4

Z′=0

∫ R1

R′=0
R′

· G2
(
R,Z,φ, τ

∣∣R′,Z′, φ′, τ ∗)S2F2δ
(
R′ − R1

)
· δ(φ′)δ

(
Z′ − H3

)
dR′ dZ′ dφ′ (A.19)

Substitute for G1 and G2 from equations (A.16) and
(A.17) into equations (A.18) and (A.19), with the as-
sumption of uniform initial conditions within the two
rods, i.e., θ1(0,R,Z,φ) = θ2(0,R,Z,φ) = θ0, yields the
final forms of the solution as given by equations (24)
and (25).
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